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Abstract

This paper presents a new angular discretization scheme, FT,, of the finite volume method (FVM) in three-
dimensional radiative heat transfer. The FT,, FVM is applied to absorbing, emitting and anisotropically scattering
media with variable optical thickness in a rectangular enclosure. Results show that the FT, FVM performs better
than the discrete ordinate method (DOM) and the FVM with Ny x N4 uniform angular discretization except near
the optically thick diffusion limit. The FT, FVM closely reproduces the reference solutions by the Monte Carlo
method for different scattering phase functions and optical thicknesses. It also turns out that anisotropic scattering
has significant influence on radiative heat transfer with a symmetric boundary condition in a moderate optical
thickness range as well as with a nonsymmetric boundary condition. © 2000 Elsevier Science Ltd. All rights

reserved.

1. Introduction

During the last decade there were numerous efforts
to develop suitable numerical schemes for the radiative
transfer equation (RTE) [1]. For the problems com-
bined with convective heat transfer or turbulent react-
ing flows the scheme should be compatible with those
for the mass, momentum and energy conservation
equations governing the flow field. Implementation of
inhomogeneity and anisotropic radiative scattering is
required for practical applications in a multidimen-
sional geometry. Among them the FVM has been con-
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sidered one of the promising schemes for radiative
heat transfer with participating media. Since the work
of Raithby and Chui [2] the FVM has been extended
and applied to various radiative heat transfer prob-
lems. Chai et al. [3] presented the results in two- and
three-dimensional enclosures with participating media,
collimated incidence and heat generation. Chui et al.
[4] presented applications to cylindrical geometry and
the mapping for a two-dimensional axisymmetric
problem in terms of the radiation intensity in the azi-
muthal direction. The formulations of the FVM for a
nonorthogonal grid [5,6] and an unstructured mesh [7]
were also presented.

The discrete ordinate method (DOM) replaces the
integro differential RTE by a set of coupled differential
equations in the discrete ordinate directions.
Integration over the solid angle is replaced by a quad-
rature sum, which is a set of the discrete ordinate
directions and the corresponding weights. Although
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Nomenclature

A area

a weighting factor in the temperature distri-
bution

Cn coefficient in Legendre series

D direction cosine integrated over the solid

angle

unit direction vector

weighting factor in the spatial discretiza-
tion scheme

incident radiation

radiation intensity

absorption coefficient

length

total number of angular discretization

Ny, Ny, number of angular discretization in the
polar and the azimuthal angle

unit vector normal to a surface

- Legendre polynomial

radiative heat flux

position vector

unit vector in the direction of radiation
intensity

S source term in the RTE
T temperature

V volume

X, Y, Z space coordinates

ZNI~NQ e

m"!tghc=

Greek symbols
p extinction coefficient

¢ emissivity

p reflectivity

g Stefan—Boltzmann constant
O scattering coefficient

P scattering phase function

Q solid angle

w scattering albedo

Subscripts

b blackbody

P control volume index

w wall

X, Y, Z directions of X, Y and Z

x, y, z surface elements perpendicular to the
directions, X, Y and Z

0 reference quantity
Superscripts

e exact value

/ control angle index
n iteration number

incoming direction

* nondimensional quantity

choice of the quadrature set may be arbitrary, accu-
racy of the DOM strongly depends on the quadrature
set [8,9]. On the other hand discretization of the FVM
is based on the same control volume technique as used
in computational fluid dynamics. The RTE is inte-
grated over both a discretized control volume and a
control angle, so that the discretized equation may
describe conservation of radiative energy within each
control volume and control angle. Angular discretiza-
tion of the FVM may be flexible as long as it properly
calculates the radiative heat flux and the incident radi-
ation. A common form is the uniform angular discreti-
zation in which the polar and the azimuthal angles are
both uniformly subdivided. Chai et al. [3] tried nonuni-
form angular discretization to the problem of colli-
mated incidence by concentrating the angular grid near
the direction of the collimated incidence.

There have been several works reported on partici-
pating media with anisotropic scattering in a multidi-
mensional geometry. Kim and Lee [10,11] investigated
the effect of anisotropic scattering in a two-dimen-

sional rectangular enclosure by the DOM. Similar
work was reported in an axisymmetric geometry by
Jendoubi et al. [12]. Menguc and Viskanta [13] pre-
sented three-dimensional results with the delta-
Eddington scattering phase function by the P3 spheri-
cal harmonic method. Fiveland [14] and Truelove [15]
reported the results for the same case with Menguc et
al. [13] by the DOM. Chui et al. [4] presented the
results by the FVM with the delta-Eddington scatter-
ing phase function in an axisymmetric problem. Chai
et al. [3] and Kim and Baek [16] presented the results
in a two-dimensional and an axisymmetric geometry
respectively and compared them with those by Kim
and Lee [10,11] and Jendoubi et al. [12]. However
more validation works are currently required for aniso-
tropic scattering problems with general scattering
phase functions in a three-dimensional geometry. Here
the FT,, FVM is applied to a three-dimensional rec-
tangular enclosure with anisotropically scattering
media with its results validated against the reference
solutions by the Monte Carlo method.
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2. Finite volume method for radiative transfer
2.1. Radiative transfer equation

The RTE for absorbing, emitting and scattering
media is written as

(s- V)I(r,s) = —(k + a)I(x,s) + kIy(r)

+ SJ I(r,s’ )®(s',s) dQ’ (1)
4n 4n

where I(r,s) is the radiation intensity in the direction, s,
at the position, r. Iy(r) is the blackbody radiation
intensity. k and o are the absorption and the scatter-
ing coefficient respectively. &(s’,s) is the scattering
phase function, which is the fraction of radiative
energy scattered into the outgoing direction, s, from
the incoming direction, s’. The scattering phase func-
tion may be approximated by the Legendre series as

M
B(s'8) = Y CpPuls's). ()
m=0

The boundary condition on the gray diffuse wall
with the prescribed temperature is given as

1 — ¢y

L1y(s) = ewlpw + J Iy(s)|s" - ny| dQ’, 3)
s/ ny, <0

where I,(s) is the radiation intensity on the wall. I,
and ¢, are the blackbody radiation intensity and the
emissivity of the wall. ny, is the unit normal vector
toward the inside of the enclosure. The incident radi-
ation and the radiative heat flux are given as

G(@r) = "4 I(r,s) dQ )

00 = | (-9t a0 )
4n
where the subscript, i, represents the coordinate direc-

tions, X, Y and Z, in Fig. 1. e; is the unit vector in the
direction i.

2.2. Discretized equation

Integration of Eq. (1) over the control volume, Vp,
and the control angle, Q' gives

L, L I(r,s)(s - m) d4 dQ

= J [ (=pI(r,s) + S(r,s)) dV dQ, (6)
o Jvp
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|
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Fig. 1. Geometry of the rectangular enclosure.

where f=k+ o, and
S(r,s) = kly(r) + (as/4n)J I(r,s (s’ ,s)dQ'.
4n

In an orthogonal grid Eq. (6) may be discretized as fol-
lows. Treatment of the scattering term is according to
Chai et al. [17].

AIDYIILy, = 1) + Ay | DyI(Ty, = 1) + A= Dy |(LZ, — I,)

= (=Bl + S Ve, )

where L = B—(o/4m)@Q; Shp =
kly.p + (05/4m) 2, 1L 8"'Q": A, =AYAZ, 4,=AZAX,
A.=AXAY, Vp=AXAYAZ; D)y = [,(s-ex) dQ, D, =
Joi(s - ey) dQ, D= [ (s - e7) d2; Q' = [, dQ and &' =
Jo' Joy D(s.5) dQ dQ'/Q" Q.

I I)/,,d and I, are the radiation intensities on the
downstream surfaces in the direction, s’. I, If,, and
1!, are those on the upstream surfaces in the direction,
s'. The subscripts, x, y and z, denote the surface
elements perpendicular to the directions, X, ¥ and Z,
respectively. A weighted finite differencing scheme is
used to relate the radiation intensities on cell surfaces

with those at cell centers as
Iy =f1,+ 0 =i, (®)

where f,-’ is a weighting factor between 0.5 and 1. The
subscript, j, denotes the surface elements, x, y and z.
The finite differencing scheme with f;/:0.5 is the dia-
mond scheme of the second order accuracy, while the
one with ﬁ-’ > 0.5 is of the first order accuracy. The
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finite differencing scheme with f/ < 1 does not guaran-
tee a positive value of the radiation intensity. Only the
step scheme with ﬁl=l ensures positivity, although it
suffers from numerical diffusion. Lathrop [18] pro-
posed a scheme which guarantees positivity of the radi-
ation intensity with the weighting factors given in
terms of the spatial and angular grid. Here a positive
scheme is derived in three dimensions according to the
procedure of Lathrop [18] as

A, | D!
Sl=max|1 - ; x| f' ; 7,0.5
2(4y|Dyl + A-|DZD) + B, VpQ
(9a)
A,|D)
f}l =max|1— g y! ;" ; ;0.5
2(A:1DZ| + Ax|DYD) + B,V p&2
(9b)
A.|D!
S =max(1- ; d f' —.0.5].
2(AY|DX| + A,V|DY|) + ﬁm VPQ
(9)
Eq. (7) can be rearranged with Egs. (9a)—(9¢) as
ot =ty + 1l + 1+ b (10)

where @ = AADY/S + ADYI/f] + A-DLI/f! +
WVpRs do=AdDYI/fL al = ADYI/f dl=
A:|DY|/f! and b, = S, V@' '
The boundary condition for Eq. (10) is given as

1 —c¢ ;o
1 ! [
I, = ewlow + - w D}/ 01W|Dw|, (11)

where D! = [,(n, -s')dQ’.

Solution of Eq. (10) is an iterative procedure, since
the radiation intensities in different control angles are
coupled through the source term, Sﬁ,,,P, and the bound-
ary condition. The radiation intensity in each control
angle is obtained by an explicit marching sequence in
space. The incident radiation and the radiative heat
flux are obtained as

N

Gp= Yy 1,2 (12)
=1
N

Qi, = Y I'D] (13)
=1

where the subscript, r, represents the location of evalu-

ation. The detailed solution procedure may be found
elsewhere [14,19].

2.3. A new angular discretization scheme

The FVM may adopt any angular discretization
scheme that divides the 4r steradian solid angle into
an arbitrary number of control angles. It satisfies the
zeroth and the first moment, i.e. properly calculates
the incident radiation and the radiative heat flux, with
uniform radiation intensity in all directions. In an or-
thogonal grid it allows straightforward calculation of
the half range radiative heat flux, which is usually
required to implement the boundary condition on the
wall. Chui et al. [S] and Murthy et al. [7] presented the
procedure to calculate the half range flux in a non-
orthogonal grid and an unstructured mesh. The DOM
may have some difficulties in a nonorthogonal grid
since the quadrature set of the DOM is designed to
meet the half range first moment only in an orthogonal
grid [8,9].

In the Ngx Ny uniform angular discretization
scheme of the FVM the polar and the azimuthal angles
are uniformly subdivided into Ny and N, respectively
with the total of Ny x Ny control angles. It has been
successfully applied to one- and two-dimensional
problems [2,3], and gives the mapping for an axisym-
metric problem in terms of the radiation intensity in
the azimuthal direction [4]. Although it may be simple,
it results in highly nonuniform solid angles discretized
in three dimensions. Due to overall computational
load, efficient angular discretization is more important
in three-dimensional problems than in one- and two-
dimensional ones. Kim and Huh [19] reported that sol-
ution of the FVM with Ny x Ny uniform angular dis-
cretization may depend on the coordinate system due
to nonsymmetric angular discretization in three dimen-
sions.

Here a new angular discretization scheme denoted as
FT,, FVM is introduced. The polar angle is divided
uniformly into an even number, n, while the azimuthal
angle is uniformly divided into the numbers of the
sequence of 4, 8, 12,...2n —4, 2n, 2n, 2n —4,...8 and
4 in each level of the polar angle as shown in Fig. 2.
The increment should be a multiple of 4 to satisfy the
half range flux condition. The total number of the con-
trol angles, N, is therefore given as n(n + 2), which is
same as the number of the discrete ordinate directions
of the S, DOM. As shown in Fig. 3 the FT,, FVM
results in much more uniform distribution of the dis-
cretized control angles in comparison with the FVM
with Ny x Ny uniform angular discretization. The FT,
FVM satisfies the zeroth moment, the first moment
and the half range flux condition in an orthogonal
grid.
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X

Fig. 2. Angular discretization scheme of the FT, FVM ("
solid angle of the /th element, s unit direction vector corre-
sponding to Q).

3. Test cases

The following test cases are defined for the three-
dimensional rectangular enclosure shown in Fig. 1.
The enclosure is filled with gray, absorbing, emitting
and scattering media with gray and diffuse walls.
Results are given in nondimensional quantities such as
0:=0,/6T¢ and G*=G/4cTy, where T, is the refer-
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Fig. 3. Comparison of the discretized solid angles between the
FT, FVM and the Ny x Ny FVM.

ence temperature. The optical coefficients, k, o, and f3,
are nondimensionalized as k*=kL,, oi=0sL, and
B*=PBLy. The scattering phase functions used in the
anisotropic scattering problems are those given by
Kim et al. [10] and shown in Fig. 4. The F1 and F2
are the forward scattering phase functions while the Bl
and B2 are the backward scattering ones. Convergence
of the solution is checked by the condition

n _ (mn—1
max (12 =GP 1) _ o5, (14)
G;

where the superscript, n, is an iteration number.
3.1. Purely absorbing/emitting medium

The enclosure with black and cold walls at 0 K is
filled with purely absorbing/emitting medium with the
temperature distribution given as

T(X,Y,Z) = aTo(1 — )1 —p*) + (1 — a) T,
r=~2[(Y/Ly — 1/2)* +(Z/Ly — 1/2)*]'"?
p=2X/Ly—1, (15)

where a is the weighting factor to describe nonunifor-
mity of the temperature distribution. Lg is the charac-
teristic length equal to Ly and L, The parabolic
profile in Eq. (15) has the maximum value, Tj, at the
center of the enclosure and the minimum value,
(1—a)Ty, on all the edges and the walls 1 and 2. Here
the RTE becomes a first order differential equation
with no coupling among different propagating direc-
tions and may be integrated as
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Fig. 4. Scattering phase functions by the Legendre series (F1
and F2: forward scattering phase functions, Bl and B2: back-
ward scattering phase functions).
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\

I(rs) = k J L(r —vs)e™™ dv, (16)
0

where s is the distance in the direction, s, from the
wall. The exact solutions for the radiative heat flux are
obtained by numerical integration of Egs. (5) and (16).
The solutions of the FVM and DOM are obtained
with the radiation intensity given by Eq. (16) to inves-
tigate accuracy of the angular discretization schemes
without the error due to spatial discretization.

3.2. Ideal furnace

This ideal furnace has already been studied by sev-
eral investigators [3,13—15]. It has a uniform heat
source, §=5 kW/m?, and is filled with absorbing and
emitting media. The absorption coefficient, k&, is 0.5
m~'. Its geometry and boundary conditions are given
as follows.

Ly=2m Ly=2m Lzy=4m at Z = 0,
T = 1200 K ¢,=0.85, at Z=1L,

T = 400 K ¢,=0.70,

otherwise T'= 900 K ¢, =0.70.

Since the RTE is coupled with the energy equation
given as

q= k<4n1b(r) — J

4n

I(r,s) dQ), (17)

the solution is obtained by substituting Eq. (17) into
Eq. (1). The furnace is divided into 25 x 25 x 25 con-
trol volumes.

3.3. Anisotropic scattering problems

3.3.1. Purely scattering medium with diffuse incidence
— nonsymmetric boundary condition

Radiative energy is emitted only from wall 6 and
transferred, through purely scattering medium, to the
other walls. The enclosure is cubical with the side
length, L. The scattering coefficient, o3, is equal to
one. The temperature of wall 6 is T, while the tem-
perature of the other walls is 0 K. All the walls of the
enclosure are black. The enclosure is divided into
25 x 25 x 25 control volumes. The results are com-
pared with the Monte Carlo solutions [1,20], which are
obtained by dividing wall 6 into 25 x 25 subsurfaces
and emitting 10° energy bundles from each subsurface.

3.3.2. Isothermal medium with cold diffuse walls —
symmetric boundary condition

The cubical enclosure with the side length, L, is
filled with the isothermal medium at the temperature,
Ty, which absorbs, emits and scatters anisotropically.
The walls of the enclosure are cold at 0 K and black

except for the case in Fig. 9. The enclosure is divided
into 25 x 25 x 25 control volumes. The Monte Carlo
solutions are obtained by dividing the enclosure into
15 x 15 x 15 subvolumes and emitting 10° energy
bundles for f* equal to 1 and 2 and 3 x 10° energy
bundles for f* equal to 10 from each subvolume.

4. Results
4.1. Purely absorbing|/emitting medium

Table 1 lists the average relative errors of the FT,
FVM, Ny x Ny, FVM and S, DOM for varying optical
thickness, temperature profile and aspect ratio. The
average relative error is defined as

(= 1510sr =031 )

e
P ’ Zr

where P is the total number of the evaluation lo-
cations. Q% , is the exact solution at the location, r. Ny
and Ny are equal to 2ng and 4ng, where ng and ng, are
positive integers. Note that the FT,, FVM is the most
accurate in most cases in Table 1 except in the opti-
cally thick diffusion limit. The FVMs are more accu-
rate than the S, DOM except in the optically thick
case of k* equal to 10. In the optically thick diffusion
limit the radiation intensity may be approximated as
the sum of the incident radiation and the radiative
heat flux vector projected into the direction vector, s.
The FVM in general does not satisfy the second
moment condition given as

N 04)2 4
§ ) =2 1
(Q’ 3" (19)

=1

where the subscript, i, denotes the coordinate direc-
tions, X, Y and Z [8.,9]. The quadrature set of the S,
DOM, higher than Sy, is designed to meet this con-
dition in the diffusion limit.

4.2. Ideal furnace

Figure 5 shows the radiative heat flux on walls 5
and 6 of the ideal furnace. The solutions of the FT,
FVM are compared with those of the 4 x 20 FVM, the
Ss DOM and the zone method. The results of the zone
method and the Sg DOM are taken from Truelove [15]
and Fiveland [14] respectively. The FTg FVM and Sg
DOM show comparable accuracy with their solutions
close to those of the zone method. The FT4 FVM
gives a more accurate solution than the 4 x 20 FVM,
although the number of angular discretization of the
FT¢ FVM is less than that of 4 x 20 FVM. The 4 x 20
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Average relative errors for the nondimensional radiative heat flux with purely absorbing/emitting media in a rectangular enclosure

Scheme Total number of angular discretization  Ly/Ly  Errors (%)

a=0.5 a=1

k*=0.1 k*=1 k*=10 k*=0.1 k*=1 k*=10
FT, FVM 24 1 1.808 1.280  2.055 5.984 5.581 9.625
FT¢ FVM 48 0.376 0.559  0.896 0.738 1.289 3.817
FTg FVM 80 0.581 0.358  0.489 0.319 0.285 2.192
2x 12FVM 24 20.177 17.170  5.817 37.845 35.217 18.589
4x12FVM 48 2.563 3,146  2.132 5.623 6.546 7.793
6 x 8 FVM 48 1.260 0.843  0.891 2.507 2.214 3.420
4x20 FVM 80 2.864 3406  2.164 6.124 6.941 7.651
10 x 8 FVM 80 1.488 0.879  0.262 1.778 1.176 1.555
S, DOM 24 7.438 5832  0.742 18.300 16.530 8.026
S¢ DOM 48 2.842 1.880  0.156 7.007 6.358 2.666
Sg DOM 80 1.977 1.396  0.053 6.067 5.236 1.224
FT, FVM 24 3 2.040 1.694  1.847 16.906 14.768 8.678
FT¢ FVM 48 0.561 0.388  0.815 6.673 5.610 3.651
FTy FVYM 80 0.663 0.124 0453 2.308 1.907 2.051
2x12FVM 24 9.392 8.394 5534 32.761 30.217 19.792
4x 12 FVM 48 3.031 2.160  2.001 6.664 6.323 7.647
6 x 8 FVM 48 2.549 1.220  0.815 12.973 9.719 3.602
4 x 20 FVM 80 3.783 2.549  2.037 11.505 8.435 7.565
10 x 8 FVM 80 2.285 0.926  0.227 10.507 7.179 1.556
S, DOM 24 2.285 1.747  0.222 12.823 11.309 4.594
S¢ DOM 48 2.039 1.418  0.044 6.964 7.309 1.972
Ss DOM 80 4.572 2.746  0.017 9.166 7.378 0.983

FVM was previously used by Chai et al. [3] for the

same case.

The FTg and FTg FVMs needed 13 and 14 iterations
respectively to reach a converged solution satisfying

60 40
I o Zone(Truelove, 1988)
I o S g (Fiveland, 1988)
i - - —- FTs ]
55|~ FTe 35

T

Q,(X,L,/2,0)(KW/m®)

»
14,

LI B S S S S B B

40 ——

X(m)
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25

20

Q,(X,L,/2,L,)(KW/m?)

Fig. 5. Radiative heat fluxes on the walls of the ideal furnace.

the criterion in Eq. (14). The 4 x 20 FVM needed the
same number of iterations as the FTg FVM.

4.3. Anisotropic scattering problems

4.3.1. Purely scattering medium with diffuse incidence
— nonsymmetric boundary condition

Figure 6 shows the radiative heat flux, Q7, along
the centerline of the enclosure, (Lo/2, Lo/2, Z), with
isotropic scattering. Note that the solutions of the FTg
FVM and Sg DOM show some oscillation due to the
inaccuracy in angular approximation. The results of
the 10 x 12, and FT;o FVMs are close to the Monte
Carlo solution in Fig. 6. Pessoa-Filho and Thynell [22]
reported that discontinuity in the radiation intensity
exists in the angular domain for a similar two-dimen-
sional case obtained by increasing the aspect ratio, Ly/
Ly, to infinity. Discontinuity in the radiation intensity
may exist not only on the wall but also inside the
enclosure when a highly nonsymmetric boundary con-
dition is imposed. The ray effect tends to become more
pronounced when there is discontinuity or a sharp
change in the radiation intensity in the angular domain
[21,22].

Figure 7 shows the effect of anisotropic scattering



1240 S.H. Kim, K.Y. Huh | Int. J. Heat Mass Transfer 43 (2000) 1233—1242

09
0.83 o Monte Carlo
s - —-—-— FTg
0.7_— - FT10
. ——— 10x12
ﬁ, 06 S, Ss
§° .
o 05F
< u
= -
‘g 04
03fF
02
" S
Lo T
0.1 0 0.2 0.4 0.6 0.8 1
2,

Fig. 6. Nondimensional radiative heat flux for purely scatter-
ing medium with isotropic scattering subject to diffuse radi-
ation from wall 6 of the cubical enclosure (65 =1, ®=1).

on the radiative heat flux. The radiative heat flux, Q7,
is obtained by the FT;, FVM and the Monte Carlo
method for different scattering phase functions. Note
that the results of the FT;y FVM closely follow the
Monte Carlo solutions for all the scattering phase
functions considered. The forward scattering media
with the phase functions, F1 and F2, transfer more
radiative energy through the medium than the isotro-
pic and the backward scattering media with the phase
functions, Bl and B2. As the aspect ratio, Ly/Ly,
increases, the solution approaches the two-dimensional

N
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Fig. 7. Effect of anisotropic scattering on the radiative heat
flux for purely scattering medium subject to diffuse radiation
from wall 6 of the cubical enclosure (o; =1, w=1).

solutions by Kim and Lee [10] and Pessoa-Filho and
Thynell [22].

4.3.2. Isothermal medium with cold diffuse walls —
symmetric boundary condition

Figure 8 shows the radiative heat flux, Q7, along
the line, (X, Lo/2, Ly), with isotropic scattering. The
extinction coefficient, f*, and the scattering albedo,
w=c"/B*, are 1 and 0.5 respectively. The results of the
FTs and FTg FVMs are compared with those of the
Monte Carlo method, the 10 x 8 FVM and the Sg
DOM. The FTg FVM gives the most accurate solution
in agreement with the reference solution by the Monte
Carlo method. Note that all the FVMs give more accu-
rate solutions than the Sg DOM in Fig. 8.

Figure 9 shows the incident radiation along the line,
(X, Lo/2, Lo/2), for different scattering phase functions
and two wall reflectivities, 0 and 0.5. The results are
obtained by the FTg FVM. The walls are cold at 0 K
and reflect radiation diffusely. The extinction coeffi-
cient, f*, and the scattering albedo, w, are 2 and 0.5
respectively. The FTg FVM closely reproduces the
reference solutions by the Monte Carlo method for all
the scattering phase functions and wall reflectivities
considered. Note that the incident radiation shows
strong dependence on the scattering phase function.
The maximum difference occurs at the location of the
maximum incident radiation near the center of the
enclosure. The forward scattering media give lower
incident radiation than the isotropic scattering media,
which again give lower incident radiation than the
backward scattering media. The backward scattering
media tends to block transfer of radiative energy to
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Fig. 8. Nondimensional radiative heat flux for isothermal, iso-
tropically scattering medium in the cubical enclosure with
black and cold walls (*=1, =0.5).
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Fig. 9. Effect of anisotropic scattering and wall reflectivity on
the incident radiation for isothermal medium in the cubical
enclosure with diffuse and cold walls (8*=2, =0.5, Monte
Carlo [J: isotropic, A: F1, V: F2, {: Bl, O: B2).

the walls and absorb more energy. Note that the inci-
dent radiation increases and becomes flatter in space
as the reflectivity increases in Fig. 9. The difference
among the solutions with different scattering phase
functions also decreases as the wall reflectivity
increases, because diffuse reflection on the walls tends
to compensate for the effect of anisotropic scattering.
Figures 10 and 11 show the effect of anisotropic
scattering on the radiative heat flux and incident radi-
ation as the optical thickness varies. The extinction
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Fig. 10. Effect of anisotropic scattering on the radiative heat
flux for different optical thicknesses (w=0.5, Monte Carlo [:
isotropic, A: F1, V: F2, &: Bl, O: B2).

-

o
©

o
©

o
3

G'(X,L/2,L,/2)
o o o o
w » [4,] [}

o
)

o|v||||7‘|| Il|V|VI|I|I[!l llII'lIlll|\||l1|||

URNEURN URNTUNNN [T SN WU (NN SN WO ST SN (NN T S SHN S N T SN
0.2 0.4 0.6 0.8 1

XL,

©
=

Fig. 11. Effect of anisotropic scattering on the incident radi-
ation for different optical thicknesses (w=0.5, Monte Carlo
[I: isotropic, A: F1, V: F2, {: Bl, O: B2).

coefficients, %, are 1, 2 and 10, while the scattering
albedo, w, is fixed as 0.5. The results are obtained by
the FTg FVM as in Fig. 9. Figure 10 shows the radia-
tive heat flux, Q7, along the line, (X, Lo/2, Lo). The
effect of anisotropic scattering is negligible for " equal
to 1, since it corresponds to an optically thin case
without much scattering occurring. The radiative heat
flux shows some variation of different scattering phase
functions with 8* equal to 2. The forward scattering
media result in the radiative heat fluxes slightly higher
than those for the isotropic and backward scattering
media. The effect of anisotropic scattering results in
significant variation in the radiative heat flux for the
extinction coefficient, 8%, equal to 10. Figure 11 shows
the incident radiation along the line, (X, Lo/2, Lo/2).
Note that anisotropic scattering affects the incident
radiation at lower optical thickness than for the radia-
tive heat flux in Fig. 10. It is because the scattered
radiation contributes to increasing the incident radi-
ation, while it may increase or decrease the radiative
heat flux according to the propagation direction after
scattering. There may be a significant effect of aniso-
tropic scattering for the isothermal media with a sym-
metric boundary condition and a moderate optical
thickness. The effect of anisotropic scattering was
reported to be negligible for isothermal media in a
two-dimensional rectangular enclosure [10] and axi-
symmetric geometry [12].

5. Concluding remarks

The FVM with a new angular discretization scheme,



1242 S.H. Kim, K.Y. Huh | Int. J. Heat Mass Transfer 43 (2000) 1233—-1242

FT, FVM, is presented and applied to a three-dimen-
sional rectangular enclosure with absorbing, emitting
and anisotropically scattering media. The positive
spatial discretization procedure of Lathrop is extended
to ensure positive radiation intensity in three dimen-
sions. Results show that the FT,, FVM gives a more
accurate solution than the DOM and the FVM with
Ny x Ny uniform angular discretization with the same
total number of angular discretization except in the
optically thick diffusion limit. It is because the FVM
does not satisfy the second moment condition to be an
accurate formulation in the diffusion limit. The FT,
FVM reduces the ray effect and the error due to non-
symmetric angular discretization under rotation of the
axes in three dimensions. The effect of anisotropic scat-
tering is also investigated with the scattering phase
functions given by the finite series Legendre poly-
nomials. The solutions of the FT, FVM show good
agreement with the reference solutions by the Monte
Carlo method for different scattering phase functions
and optical thicknesses. Anisotropic scattering has a
significant effect not only with a nonsymmetric bound-
ary condition but also in the isothermal media of a
moderate optical thickness and scattering albedo with
a symmetric boundary condition.
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